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Abstract. Two weight trace inequalities for positive dyadic operators are characterized in 
terms of discrete Wolff's potentials in the upper triangle case 1 < q < p < oo. 



1. Introduction 

The purpose of this paper is to estabUsh the two weight Tl theorem for positive dyadic 
operators in the upper triangle case 1 < g < p < oo. We first fix some notations. We wih 
denote V by the family of all dyadic cubes Q = 2^*(fc + [0, 1)"), i £ Z, fc G Z". Let a and lo 
be nonnegative Radon measures on M" and \el K -.T) ^ [0, oo) be a map. For an / e L\^^{da) 
the positive dyadic operator Txlfda] is defined by 



TK[.fd<j]{x) V K[Q) f fdalgix) x e 



Qev 

We will denote by Ka-{Q){x) the function 

KaiQKx) := J2 K{Q')aiQ')lQ>ix), xeQeV, 

Q'CQ 

and K„{Q){x) — when <t{Q) = 0. For s > 1 discrete Wolff's potential of w Wf^ ^[u}]{x) is 
defined by 



]{x) := ^ KiQ)aiQ) ( f K,(Q){y) du{y)] 1q(x), x € 
Qev ^-^Q ^ 



The pair {K, a) is said to be satisfy the dyadic logarithmic bounded oscillation (DLBO) condi- 
tion, if they fulfill 

sup Ka{Q){x) < A inf Ka{Q){x), 

xeQ ^^Q 

where the constant A does not depend on Q ^ V. For each 1 < p < oo, p' will denote the dual 
exponent of p, i.e., p' — ~y- 

In their significant paper [2], Cascante, Ortega and Verbitsky established the following: 

Proposition 1.1 (P] Theorem A]). Let Q < q < p < oo and I < p < oo. Suppose that the pair 
{K, a) satisfy the DLBO condition. Then two weight trace inequality 

(1.1) \\TK[fda]\\L.idu^<C4f\\L.ida) 
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holds if and only if 

l|WK.H'/''llL.-(d^) < C2 < OO, where - = - + -. 
' ^ ' q r p 

Moreover, the least possible C'l and C2 are equivalent. 

In his elegant paper [10] Sergei Treil gives a simple proof of the following two weight Tl 
theorem for positive dyadic operators in the lower triangle case. 

Proposition 1.2 ('10' Theorem 2.1]). Let 1 < p < q < 00. Then two weight trace inequality 
(|l.ip holds if and only if 

™PQeP aiQy/P (/q (Eq'cQ^(<3')^(<9')1q')' du?j ' < C2 < 00, 

«^PQep:;(Qyw(/Q(EQ'cQ^(Q'MQ')iQ')' rf^) ' <C2<oo. 

Moreover, the least possible Ci and C2 are equivalent. 

Proposition 11.21 was first proved for p 2 in 6 by the Bellman function method. Later in 
[4] this was proved in full generality 1 < p < q < 00. The checking condition in Proposition II. 21 
is called "Sawyer type checking condition", since this was first introduced by Eric T. Sawyer 
in [aiH]. 

In his excellent survey of the A2 theorem [3] Tuomas P. Hytonen introduces another proof of 
Proposition [TT2I which uses the "parallel corona" decomposition from the recent work of Lacey, 
Sawyer, Shen and Uriarte-Tuero 5 on the two weight boundedness of the Hilbert transform. 

Following Hytonen's arguments and applying a basic lemma due to [Ij, we shall establish 
the following two weight Tl theorem for positive dyadic operators in the upper triangle case. 

Theorem 1.3. Let 1 < q < p < 00. Then two weight trace inequality (|l.ip holds if and only if 

where - = - + -. 

\ q r p 

Moreover, the least possible C'l and C2 are equivalent. 

Remark 1.4. The DLBO condition is essential and quite useful. In [9], we develop a theory 
of weights for positive operators in a filtered measure space based upon this condition. 

The letter C will be used for constants that may change from one occurrence to another. 
Constants with subscripts, such as Ci, C2, do not change in different occurrences. 



2. Proof of Theorem 11.31 

In what follows we shall prove Theorem 11.31 We need a basic lemma [U Theorem 2.1]. For 
the sake of completeness, we will give the proof and will also check the constants. 
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Lemma 2.1. Let a be a Radon measure on R". Let 1 < s < oo and {q:q}q^t> C [0,cxd). 
Define, for Qq £ T>, 



\qcQo "^^^ ' 



A3 / sup 

xeQcc 



Then 
Here, 



Ai < c{s)A2, A2 < c{s)~A3 and A3 < {s'yAi. 



s, 1 < s < 2, 
^(s(s - 1) • • • (s - fc))^^^ , 2 < s < cx) 
where k = \s — 2] is the smallest integer greater than s — 2. 



Proof. By a standard limiting argument, we may assume without loss of generality that there 
is only a finite number of ag 7^ 0. 

(i) We prove Ai < c{s)A2. We use an elementary inequality 
(2.1) -'E«^ (^"'j ' 

where {a^jigz is a sequence of summable nonnegative reals. First, we verify the simple case 
1 < s < 2. It follows from JO that 



A,= i y da 



QcQo ^ \Q'CQ ' J 



QcQo Y"^"^' •'Q \q'CQ 

= ^ E E = ^^2, 

QCQo V^^*^^ Q'CQ / 

where we have used s — 1 < 1 and Holder's inequality. Next, we prove the case s > 2. Let 
k = [s — 2] be the smallest integer greater than s — 2. Applying (12. ip [k + l)-times, we have 

Ai ^ s{s - 1) • • • (s - fc) 

C\ s—k—1 
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Since we have 0<s — A; — 1<1, 

/ V S-fe-1 

1 /' / ■^-^ ap \ 



da 

i-fe-i 



These yield 

Ax <s{s-l)---{s-k) 

Holder's inequality with exponent + ^~J^^ ~ ^ 

(\ s—k—l 
Q'CQ ) 

k / 

and, hence, 

Ai<s{s-l)---{s- k) 

ks / 

Holder's inequality with the same exponent gives 



^1 < s(s - 1) • • • (s - k)A{-' aI ' . 



Thus, we obtain Ai < c{s)A: 
(ii) We prove A2 < c{s)'^A3. It follows that 

Holder's inequality gives 

A2 < A{Af. 

Since we have had Ai < 0(5)^2, we obtain A2 < c{s)^^ A3. 
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(iii) We prove A3 < {s'YAi. It follows that 



A3 = sup 



< / 

Jqo 



V- ag -I 



(a;)" da{x) 



where M^- is the dyadic Hardy-Littlewood maximal operator and we have used the L'^{da)- 
boundedness of M^- This completes the proof. □ 

Proof of Theorem 11.31 (Sufficiency) : We follow the arguments due to Hytonen in f3]. Let 
Qq E V he taken large enough and be fixed. We shall estimate the quantity 

(2.2) ^ K{Q) I J da I gdoj, 

QdQo '3 JQ 

where / G LP(da) and g G L"^ (duj) are nonnegative and are supported in Qq. 

We define the collections of principal cubes J- for the pair (/, ct) and G for the pair (5,0;). 
Namely, analogously for Q, 

00 

k=0 

where Tq := {Qq}, 

Tk+i:^ U ch^{F) 

and chjr{F) is defined by the set of all maximal dyadic cubes Q C F such that 

If 2 f 

fdcr > -TT^r / fda. 



Observe that 



^{Q) Jq <j{f) 

F'echj.{F) 

< 



a{F) 



fda] J2 

F'echj.(F)-'^' 



2 I ,,X' [ 



and, hence, 



(2.3) aiEAF)):^alF\ [j ^' > 

\ F'ech^(F) I 

where the sets Ejr(F') are pairwise disjoint. 

We further define the stopping parents, for Q G X*, 

V^(Q) min{F D Q : G J"}, 
^g(Q) :=min{GDQ: GeQ}, 
^4Q) := (7r^(Q),7re(Q)). 
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Then we can rewrite the series in (12.21) as foUows 



E E 

QCQo F&J^. Q: 

Gee 7t(Q) = {F,G) 



^EE E +EE E ^ 

FeJ^GCF Q: GegFcG Q: 

7r(Q) = (F,G) 7r(Q) = (F,G) 

where we have used the fact that if P, Q e 2? then P Ci Q E {P, Q, 0}. Since the proof can be 
done in completely symmetric way, we shall concentrate ourselves on the first case only. 

It follows that, for F <E J-', 

E E ^(Q) / f'^^ f 

GCF Q: •'Q ''Q 

n{Q) = (F,G) 

7v(Q) = iF,G) 



g dco 



GCF ^. 

7r(Q) = (F,G) 

We need the two observations. Suppose that n{Q) — (F, G) and G C F. If F' G chjr{F) 
satisfies F' C Q, then by definition of vrjr we must have 

TT^ {TTg {F'))^F 

By this observation we define 

c/i>(F) {F' e chAF) ■■ T^T (7re(F')) - F} . 

We further observe that, when F' e ch'^{F), we can regard 5 as a constant on F' in the above 
integrals. By these observations we see that, by use of Holder's inequality. 



< 



'Q 

q \ 1/9 



^ ^ K{Q)a{Q) I gdw 

GCF Q: •'Q 
7r{Q) = {F,G) 

Jeaf) Jf' J 

j^{^K{Q)<j{Q)l^ d^ Wgp 



1/9' 

9' 



\Li' {du})- 
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Thus, we obtain 

EE E ^(Q) / f'^" I adoj 



FeJ^GcF 



7r(Q) = (F,G) 



Li'{duj) 



< 



i/p 



E 



I/O ^ 



llffFi 



L9'(rfw) 



1/p' 



2/1 X J2. 
For /i, using cr(F) < 2a{Ejr{F)), 



a{F) 

and the disjointness of the Ejr{F), we have 



^ / fda< M M^fiy) 

) Jf ysF 



\F6^-^^^(^^) / 



1 — 1 I 1 i„f a SL 
' p' 

Holder's inequahty with exponent 9 that 



Reeah that ^ = ^ + ^ and let 6* := ^. Then we have 9 > 1 and 9'p' = r. It follows from 



I2 < 



l/r 



x(Eii5^iiL'(..) 

Vfgj^ 

= : /21 X /22- 
It follows by applying Lemma [23] that 



1/9' 



q-l 



< c{q) J2 K{Q)<j{Q)oj{Q) J2 KiQ'MQ'MQ') 

QdF Q,^Q 

= c{q)[ Y,K{Q)lo[Q)( [ K^{Q){y)da{y)X Igda. 
Jfq^p \Jq J 
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This implies 

- X ^ ^^^^''^^^ (X ^-(g)(y) da{y)^ ' iQ daj <j{F) 

Jej.{f) ^ ' 

and, hence, 

/21 < 2V«c(g)i/'(r/g)'||Wl, Ja]i/«|U.(,<,). 
It remains to estimate li2- it follows that 

By the pairwise disjointness of the set Ejr[F), it is immediate that 

V / g"^' duj < ||9||«' 

For the remaining double sum, we use the definition of ch*jr{F) to reorganize: 



Fej^ F'ech'j,{F} ^ ^ ^ -^^ / 



FeT GeS: _F'6c/i^(_F): 
7r^(G)=J^ 7rs(F')=G 



^E E f^/^.^")^«^) 



7r^(G)=_F 



< 2-2*'||Af„g||«' „ < 2-2'''g«'||o||«',,, 

— II "-^IlL? (dw) — ^ II^IlL? (dtj) 

All together, we obtain 

QCQo 

This yields the sufficiency of Theorem 11.31 

Proof of Theorem 11.31 (Necessity): This fact was verified in jlj Theorem B (i)]. But, for 
reader's convenience the full proof is given here. We assume that the trace inequality (jl.ip 
holds. Then, by Lemma [O] there holds 

q-l 



(2.4) ^ if(Q)c.(g) /■ /da ^ if(Q')^Q') / /rf^ <CCl\\f\\ 

QeT> •'Q y^W) Q,^Q JQ' J 



q 
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where / G LP{da) is nonnegative. For 5 > we have 

^ i^(g')^(Q') / {M.gf'da 

Q'CQ ■'Q' ^ 

< C Cl\\g\\Lp/g(^da), 

where we have used (|2.4p and the i^/9((i(T)-boundedness of AI^. This imphes by duahty 

\\w'K,M'^'\\Lnd.)<cc,<^. 

To verify 

we merely use the dual inequality of (jl.ip . 
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